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Most modern chemical plants are complex networks of multiple interconnected non-
linear process units, often with multiple recycle and by-pass streams and energy inte-
gration. Interactions between process units often lead to plant-wide operability prob-
lems (i.e., difficulties in process control). Plant-wide operability analysis is often diffi-
cult due to the complexity and nonlinearity of the processes. This article provides a
new framework of dynamic operability analysis for plant-wide processes, based on the
dissipativity of each process unit and the topology of the process network. Based on
the concept of dissipative systems, this approach can deal with nonlinear processes
directly. Developed from a network perspective, the proposed framework is also inher-
ently scalable and thus can be applied to large process networks. VVC 2009 American

Institute of Chemical Engineers AIChE J, 55: 963–982, 2009
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Introduction

Process control has been playing an increasingly important

role in the process industries as more process integration and

tighter operating conditions are putting greater demands on

control system performance. The traditional approach to pro-

cess design and control has been to perform the design of

the process and the control system sequentially.1 As little

consideration is given to dynamic operability in the process

design stage, the outcome of this approach sometimes is a

plant whose dynamic characteristics lead to serious operating

difficulties associated with significant economic penalties.2 It

is well known that a process design fundamentally deter-

mines the inherent operability properties of the process since

it imposes limitations on control performance regardless of

what control method is implemented. Therefore, process

operability analysis should be performed in the process
design stage for better integration of process design and
control.1

Modern chemical plants have two important features: (1)
they are networks of significant number of process units
with recycle and heat integration configurations; (2) process
units are generally nonlinear. Interactions between the pro-
cess units are often the main causes of operability problems.
As such, it is important to develop appropriate tools to quan-
titatively assess the effects of nonlinear dynamics of process
units and the interactions between them on plant-wide oper-
ability.3 In the past two decades, a number of operability
analysis tools have been reported. Many of these were devel-
oped for linear processes, based on, e.g., process zero dy-
namics, minimum singular values and loop interactions.4–6

For nonlinear processes, a direct approach to operability
analysis is to solve a dynamic performance optimisation
problem numerically. Although this approach allows seam-
less integration of process and control design,6–9 the com-
plexity of the resulting problem grows quickly with the size
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of the process plant. Therefore, it is difficult to implement
the optimization approach in plant-wide process operability
analysis for complex processes.10 The operability analysis
approaches based on open-loop process models are much
more appealing due to their relative simplicity compared
with the optimization approach. For example, Vinson and
Georgakis proposed a steady-state operability analysis based
on input-output spaces.11 Hernjak et al.12 proposed a qualita-
tive process operability analysis method based on three main
process characteristics: the degree of nonlinearity, process
dynamics and degree of interaction between loops. Research
effort has also concentrated on the nonlinear phenomena that
is known to generate operability difficulties such as multiple
equilibrium points, limit cycles, chaotic behavior and bifur-
cations, e.g.,13–17 However, none of the above open-loop
methods addresses the plant-wide operability analysis prob-
lem from a network perspective.

In this article, we propose a framework for plant-wide
operability analysis of nonlinear process networks, that is to
address plant-wide open-loop stability, stabilizability and the
achievable dynamic control performance in terms of disturb-
ance attenuation. This approach uses dissipative systems
theory as the key enabling tool, which has been shown use-
ful in stability analysis for process networks.18 The input-
output properties of each subsystem can be represented by
its dissipativity. Our recent studies have shown that the dissi-
pativity of a nonlinear process is related to its dynamic oper-
ability.19–21 The topology of the process network can be
modeled efficiently with a suitable interaction matrix. From
the dissipativity of each process unit and the network topol-
ogy, the dissipativity of the plant-wide process can then be
easily determined, which in-turn, indicates the operability of
the process network. This approach has several advantages.
First, it reduces the modeling costs associated with the anal-
ysis of large and complex process networks since the
approach only requires the individual models of smaller and
simpler process units. Second, the approach is inherently
scalable since the addition of any number of process units to
the network requires only simple recalculation. Third, the
approach is able to quantify how the disturbance to one unit
propagates throughout the entire network influencing other
variables of interest.

The proposed approach can also be used to determine
suitable control structures for plant-wide control, which has
been deemed a key issue related to plant-wide control of
complex processing plants.3,22–24 The answer is closely
related to the specification of explicit and implicit production
and operational objectives for the processing plant.23 A for-
mal statement of the problem requires the formulation of a
multi-objective optimization problem which, in turn, is very
difficult to solve owing to its inherent complexity.23 In prac-
tice, plant-wide control is addressed by adopting a hierarchi-
cal design procedure so that the design problem can be
decomposed into several stages that are simpler to analyze
and solve.3 The framework described in this article is useful
for assessing the operability properties of the network for a
given selection of controlled and manipulated variables.

A distinctive feature of the plant-wide control framework
proposed in the current work is that it explicitly distin-
guishes the physical interconnecting flows between process
units (such as mass and energy flows) from the information

or control flows (such as measurements and actuation signals
used to regulate the process units and the entire network).
This allows one to clearly identify possible sources of stabil-
ity and/or operability difficulties.

This article is organized as follows. First, a new approach
to represent plant-wide processes is presented. The concept
of dissipative systems is introduced in the following section.
Next, the dissipativity-based plant-wide operability analysis
is elaborated, including the features and relevant issues of
the proposed method. A case study of a heat exchanger net-
work is then presented to illustrate the dissipativity-based
network analysis approach, followed by the conclusion.

A Network Perspective of Plant-Wide Analysis

Modern chemical processing plants are complex networks
of multiple interconnected processing units. The fundamental
interconnecting flows between units are physical mass and
energy flows. Superimposed to this network of physical
flows is the network of information flows that connects the
variety of sensors that monitor the plant to data acquisition
systems and local/supervisory controllers. From there the in-
formation flows connect back to the series of actuators that
regulate the plant. The dynamic behavior of physical proc-
esses is governed by physical laws. For chemical processes,
the dynamics of the physical flows are dictated by the con-
servation of mass and energy. On the other hand, the behav-
ior of information flows is totally independent from physical
laws.25 It is therefore important to make a distinction
between the physical and information flows.

To treat the interconnecting and information flows explic-
itly in this analysis, it is assumed that the i-th process unit,
denoted as Ri, pertaining to the network has a set of physical
interconnecting inputs ~ui and a set of manipulated inputs ûi
as shown in Figure 1. In this article, all input and output var-
iables are column vectors. The term di indicates any distur-
bances acting on the process unit. The output vector yi in
Figure 1 encompasses both the physical interconnecting out-
puts of the unit as well as any sensor measurement outputs
available for control. The physical interconnecting outputs ~yi
of the process unit are a sub-set of the output vector yi given
by:

~yi ¼ FIyi (1)

where FI is a constant selector matrix. For example, if all the
components of the output vector yi are physical interconnect-
ing outputs then FI is the identity matrix. Similarly, the
measured outputs ŷi of the process unit are a sub-set of the
output vector yi given by:

ŷi ¼ FCyi (2)

where FC is also a constant selector matrix. Observe that
depending on the specific set of sensors available, an element
of the output vector yi could be an interconnecting output and/
or a measured output.

Consider a process network formed by N process units
with the general structure shown in Figure 1. Combining
similar inputs and outputs from each process unit into single
composite vectors as follows,
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ûT ¼ ½ ûT1 ûT2 ::: ûTN �
~uT ¼ ½ ~uT1 ~uT2 ::: ~uTN �
dT ¼ ½ dT1 dT2 ::: dTN �
yT ¼ ½ yT1 yT2 ::: yTN �
ŷT ¼ ½ ŷT1 ŷT2 ::: ŷTN �
~yT ¼ ½ ~yT1 ~yT2 ::: ~yTN �

(3)

it is possible to describe the entire process network using the
diagram shown in Figure 2. The physical interconnecting
flows among process units in the network are modeled using a
static interconnecting matrix H so that:

~u ¼ �H~y

¼ �HF1y

¼ � ~Hy

(4)

Observe that the physical interconnecting flows use negative
sign convention.

The information flows carried by the vector of measured
outputs ŷ are processed by the control system and actions
are taken through the manipulated variables of each process
unit. At this point no specific assumption is required regard-
ing the structure of the plant-wide control system shown in
Figure 2.

EXAMPLE 1. The aforementioned network representation
approach can be illustrated using a simple example. Consider
a process consisting of two tanks with the same cross sec-
tional area A and same outlet valve coefficient Cv connected
in series with a recycle stream flowing from the second tank
to the first tank at constant recycle ratio (Rr) (as shown in
Figure 3). It is assumed that all the streams have the same liq-
uid properties. Thus, the first tank can be modeled as follows:

dh1ðtÞ
dt

¼ �Cv

A

ffiffiffiffiffiffiffiffiffiffi
h1ðtÞ

p
þ 1

A
ðF0ðtÞ þ F1ðtÞ þ FRðtÞÞ

yðtÞ ¼ Cv

ffiffiffiffiffiffiffiffiffiffi
h1ðtÞ

p
h1

" # (5)

And the second tank can be modeled as follows:

dh2ðtÞ
dt

¼ �Cv

A

ffiffiffiffiffiffiffiffiffiffi
h2ðtÞ

p
þ 1

A
F2ðtÞ

yðtÞ ¼ Cv

ffiffiffiffiffiffiffiffiffiffi
h2ðtÞ

p (6)

Figure 1. The i-th process unit: inputs and outputs.

Figure 2. Process network with interconnecting flow (continuous line) and information flow (dashed line).
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This process configuration can then be represented using
the network perspective described as follows:
(1) Each tank is treated as a subsystem and thus the pro-

cess system is decomposed into smaller subsystems (Ri,
i ¼ 1; 2).
(2) The inputs of each subsystem are represented as

½ ûTi ~uTi dTi �T (i ¼ 1; 2), distinguishing the manipulated
variables, interconnecting flows and the disturbances. The
output is denoted as yi ði ¼ 1; 2Þ. Subsystem R1 (Tank 1)
has F0ðtÞ as the manipulated input. F1ðtÞ is neither manipu-
lated nor connected to another subsystem and thus is
regarded as the disturbance. FRðtÞ is the interconnecting
input as it is connected to another subsystem. The outputs y1
from R1 include the outlet flow to subsystem R2 (Tank 2)
F2ðtÞ and the liquid level of the first tank h1ðtÞ. Similarly,
subsystem R2 has F2ðtÞ as the interconnecting input and
F3ðtÞ as the output:

û1 ¼ F0; ~u2 ¼ F2

~u1 ¼ FR; y2 ¼ F3

d1 ¼ F1

y1 ¼ ½F2 h1 �T

(7)

(3) The network perspective as shown in Figure 2 is then
applied to the entire plant-wide system. All the inputs to both
subsystems are grouped in a column vector ½ ûT ~uT dT �T
and all the outputs are grouped in a column vector y.

û ¼ F0

~u ¼ ½FR F2 �T

d ¼ F1

y ¼ ½F2 h1 F3 �T

(8)

(4) Constant selector matrices F1 and Fc are chosen to
represent the physical flows and information flows:

~y ¼ F1y ¼
1 0 0

0 0 Rr

� � F2

h1

F3

2
64

3
75

ŷ ¼ FCy ¼ 0 1 0½ �
F2

h1

F3

2
64

3
75

(9)

(5) The interconnecting matrix H is formulated as fol-
lows:

~u ¼ �HF1y ¼ �1 0

0 �1

� �
1 0 0

0 0 Rr

� � F2

h1
F3

2
4

3
5 (10)

It is worth pointing out that the proposed network repre-
sentation is completely general, applicable to both linear
and nonlinear processes, regardless of their complexity. It
can be used to represent processes in the form of discrete-
time, continuous or hybrid systems as well as distributed
parameter systems (represented with partial differential
equations).

Dissipative Systems Theory for Process
Network Analysis

Dissipative systems

The plant-wide operability analysis framework described
in the current article adopts a dissipative systems theory
approach. The concept of dissipative systems was originally
introduced by Willems26,27 and is an extension of the con-
cept of passivity. Passivity and dissipativity have been rec-
ognized as effective tools for nonlinear system analysis and
control.28,29 Dissipative systems are those for which the
increase in stored energy is bounded by the amount of
energy supplied by the environment, i.e., dissipative systems
can only dissipate but not generate energy. As dissipativity
represents the input-output properties of nonlinear processes,
the dissipative systems theory is well suited for the analysis
of the effects of interactions in large scale process networks.
In what follows, the key concepts related to dissipative sys-
tems theory and their relevance to the analysis of nonlinear
process networks are reviewed. For ease of exposition,
detailed definitions are omitted but can be found in the
Appendix.

The concept of dissipativity relates to the input-output
property of dynamical systems.30 Consider a dynamical sys-
tem R defined through the input space U, output space Y,
state space X and two functions: the state transition function
wðt; t0; x0; uÞ which maps Rþ

2 � X � U into X, and the read-
out function r wðt; t0; x0; uÞ; uðtÞð Þ which maps X � U into Y,
where t is the time variable, t0 represents the initial time,
x0 2 X represents the state value at t0, u 2 U is the input
trajectory as a function of time, and Rþ

2 ¼ fðt2; t1Þjt2 � t1
and t1; t2 2 Rg (see Definition A.1 for details).

For uðtÞ 2 U and yðtÞ 2 Y, define a real valued func-
tion wðuðtÞ; yðtÞÞ : U � Y ! R, called the supply rate (see
Definition A.2 for details). The dynamic behavior of a

Figure 3. A double tank system.
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dissipative system is constrained by a so-called dissipation
inequality given by26:

/ðxðsÞÞ � /ðxð0ÞÞ �
Zs

0

wðuðtÞ; yðtÞÞdt; 8 s � 0 (11)

where xðtÞ 2 X with xð0Þ as the initial state at t ¼ 0 and
/ðxÞ : X ! Rþ is a nonnegative function of the states (x)
called the storage function (see Definition A.3). The supply
rate wðu; yÞ can then be understood as the rate of energy
transferred to the system from the environment whilst the
storage function /ðxÞ can be understood as the total internal
energy contained in the system. The dissipation inequality (11)
formalizes the property that the increase in stored energy is
never greater than the integral of the supply rate (energy
supplied by the environment).

In general, functions /ðxÞ and wðu; yÞ can be any general-
ized energy function (similar to a Lyapunov function) and
any abstract power function respectively. However, storage
functions and supply rates with physical meanings can be
adopted so that inequality (11) represents the dissipation of
physical energy. Ydstie and co-workers revealed the link
between thermodynamics and passivity.30–33 By using en-
tropy based storage functions, the passivity of a class of
chemical processes (called process systems) can be estab-
lished.34 In addition, Hangos et al.35 also combined Hamilto-
nian systems representation with thermodynamic related dis-
sipativity and observed the physical meanings of the supply
rates and storage energy functions. Using the aforementioned
approaches, process dissipativity and passivity can be deter-
mined without the need of a detailed process model, relying
instead on physical insights or knowledge.

Dissipativity can represent most of the important input-
output properties by adopting different supply rates.29 A pro-
cess is said to be passive, input feedforward passive and
output feedback passive if it is dissipative with respect to
the following supply rates respectively (it is assumed that
the process has the same number of inputs and outputs, i.e.
m ¼ p):
• Passivity

wðuðtÞ; yðtÞÞ ¼ yðtÞTuðtÞ (12)

• Input feedforward passivity (IFP):

wðuðtÞ; yðtÞÞ ¼ yðtÞTuðtÞ � vuðtÞTuðtÞ; v > 0 (13)

• Output feedback passivity (OFP):

wðuðtÞ; yðtÞÞ ¼ yðtÞTuðtÞ � qyðtÞTyðtÞ; q > 0 (14)

As (12) is the inner product of the input and output, passiv-
ity relates to the phase condition of a system. A nonlinear
input feedforward passive system is minimum phase (i.e.,
with stable zero dynamics).29 An output feedback passive
system has bounded gain (input-output stable).29 Furthermore,
if a process is dissipative with the following supply rate:

wðuðtÞ; yðtÞÞ ¼ yðtÞTyðtÞ � c2uðtÞTuðtÞ; c > 0 (15)

then its L2 gain is bounded by c.

If a process is dissipative with respect to the supply rate
given in (13) or (14) with m\ 0 or q\ 0, then the process is
in shortage of IFP or OFP. In a feedback system, the shortage
of IFP (or OFP) of one subsystem can be compensated by the
excess of OFP (or IFP) of another subsystem to maintain
closed-loop input-output stability (or Lyapunov stability if an
additional zero state detectability condition is satisfied).29

In this article, we consider nonlinear processes which are
dissipative with respect to a more general quadratic supply
rate,36 i.e.:

wðuðtÞ; yðtÞÞ ¼ yðtÞTQyðtÞ þ 2yðtÞTSuðtÞ þ uðtÞTRuðtÞ (16)

where Q 2 Rp�p, S 2 Rp�m, R 2 Rm�m are constant
matrices with Q and R symmetric (in this case, the assumption
m ¼ p is not required). This type of nonlinear processes is said
to be ðQ; S;RÞ-dissipative to emphasize the special structure of
the associated supply rate. The quadratic supply rate is the
combination of supply rates for IFP and OFP. Therefore,
ðQ; S;RÞ-dissipativity carries the information on the (nonlinear
counterpart of the) phase (given by the cross term yTSu), the
process gain (given by the quadratic term yTQyþ uTRu) and
input-output stability of the process. As such, ðQ; S;RÞ-
dissipativity implies dynamic operability of nonlinear pro-
cesses, as shown in our recent work.21

The following example shows how the ðQ; S;RÞ-dissipativity
of a nonlinear system can be determined using Eq. 16 directly.

EXAMPLE 2. Consider the second tank in Figure 3.
The system’s model was represented in Eq. 6, where
uðtÞ ¼ F2ðtÞ. In this example, the momentum of the liquid in
the tank is used as the physical storage function.

/ðh2Þ ¼ mv

/ðh2Þ ¼ qCvh
3
2

2

(17)

where m, v, q, Cv, h2 correspond to the mass of liquid in the
tank, the rate of change of the liquid level, the density of the
liquid, the outlet valve coefficient and the liquid level
respectively. The time derivative of /ðh2Þ is then:

_/ðh2Þ ¼ 3

2
qCv

ffiffiffiffiffi
h2

p dh2
dt

¼ 3

2
qCv

ffiffiffiffiffi
h2

p
�Cv

A

ffiffiffiffiffi
h2

p
þ 1

A
F2

� �

¼ � 3

2
q
C2
v

A
h2 þ 3

2

qCv

A

ffiffiffiffiffi
h2

p
F2

�� q
A
C2
vh2 þ 2ðCv

ffiffiffiffiffi
h2

p
Þ 3q
4A

F2

� yTQyþ 2yTSu

(18)

where:

y ¼ Cv

ffiffiffiffiffi
h2

p
u ¼ F2

(19)

and

Q ¼ � q
A

S ¼ 3q
4A

(20)

AIChE Journal April 2009 Vol. 55, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 967



From Inequality (18), it can be concluded that the tank system
is (Q, S, R)-dissipative with Q and S given in (20) and R¼ 0.

More specifically, for control-affine nonlinear systems
given by:

P :
_x ¼ f ðxÞ þ GðxÞu
y ¼ hðxÞ þ JðxÞu

�
(21)

(where the columns of GðxÞ and JðxÞ are smooth vector fields),
there is a more systematic way to establish its (Q, S, R)-
dissipativity, as described in the following theorem:

Theorem 1 ((Q, S, R)-dissipativeness).36 A necessary
and sufficient condition for the system P in (21) to be (Q, S,
R)-dissipative is that there exist real functions /ðxÞ : Rn !
Rþ, lðxÞ : Rn ! Rq, and WðxÞ : Rn ! Rq�m (for some inte-
ger q) satisfying:

ðiÞ /ðxÞ � 0; /ð0Þ ¼ 0

ðiiÞ @/T

@x
f ðxÞ ¼ hðxÞTQhðxÞ � lðxÞTlðxÞ

ðiiiÞ 1

2
GðxÞT @/

@x
¼ ðQJðxÞ þ SÞThðxÞ �WðxÞTlðxÞ

ðivÞ Rþ JðxÞTSþ STJðxÞ þ JðxÞTQJðxÞ ¼ WðxÞTWðxÞ
(22)

Consider a more general dynamical system whose state-
space representation is defined as follows:

R :
dxðtÞ
dt

¼ f ðxðtÞ; uðtÞÞ
yðtÞ ¼ gðxðtÞ; uðtÞÞ

(
(23)

where x 2 X � Rn is the process state vector, u 2 U � Rm is
the input vector and y 2 Y � Rp is the output vector. It
is assumed that f ðx;uÞ and gðx;uÞ are smooth vector fields,
and that, without loss of generality, R has an equilibrium point
at u ¼ 0, x ¼ 0 and y ¼ 0. Thus f ð0;0Þ ¼ 0 and hð0;0Þ ¼ 0. If
the system R is (Q, S, R)-dissipative, then its input-output
stability can be inferred directly from the properties of the
matrix Q.

Theorem 2 (Stability of (Q, S, R)-dissipative
systems).37 Consider a nonlinear system R (as given in
(23)) which is (Q, S, R)-dissipative, with x0 ¼ 0. If Q < 0,
the system is L2 stable, i.e., it has finite L2 gain:

kyskL2 � ckuskL2 (24)

where the subscript s denotes truncation, e.g.:

ysðtÞ ¼D yðtÞ; 0 � t � s

0; t > s

(
(25)

Furthermore, if R is zero-state detectable, (i.e., if uðtÞ ¼ 0
and yðtÞ ¼ 0 then lim

l!1
xðtÞ ¼ 0), then the free system:

_x ¼ f ðx; 0Þ (26)

obtained from (23) with uðtÞ ¼ 0, has an asymptotically stable
equilibrium x ¼ 0 (in the sense of Lyapunov stability).

The condition Q < 0 can be interpreted as a form of OFP,
which implies finite L2 gain.38 To formalize this, it is
assumed that the process input uðtÞ belongs to the space of
piecewise continuous, square integrable functions (called
extended L2 space), i.e.

Zs

0

uðtÞTuðtÞt < 1 (27)

for any 0 � s < 1:
Then we have:

Theorem 3 (L2 gain of (Q, S, R)-dissipative
systems).37 Consider a nonlinear (Q, S, R)-dissipative pro-
cess R with Q < 0. The L2 gain c of R is bounded by:

c�kQ̂1=2kðaþ kQ̂1=2SkÞ (28)

where k:k is the (induced) matrix 2-norm. That is,
kAk ¼ �rðAÞ, Q̂ ¼ �Q and a > 0 is a finite scalar such that:

Rþ STQ̂�1S� a2I � 0 (29)

Network of dissipative systems

To apply dissipative systems theory to the analysis of a
network of nonlinear processes, the following key assump-
tion is made: each process unit in the network is ðQi; Si;RiÞ-
dissipative with ûTi ~uTi dTi

� �T
as the input vector and yi as

the output vector as shown in Figure 1. That is:

d/iðxÞ
dt

� yTi Qyi þ 2yTi S
ûi
~ui
di

2
4

3
5þ ûTi ~uTi dTi

� �
R

ûi
~ui
di

2
4

3
5 8i

(30)

where Si and Ri can be represented as:

Si ¼ S1i S2i S3i½ �

Ri ¼
R1i R4i R5i

RT
4i R2i R6i

RT
5i RT

6i R3i

2
64

3
75 (31)

using sub-matrices. One simple way to analyze the
dissipative properties of the entire nonlinear process
network is to consider a storage function for the network
given by:

/ðxÞ ¼
XN
i¼1

/iðxiÞ (32)

Using the aforementioned storage function and the dissipa-
tion inequality (30) for each unit in the network, it is
straightforward to show that the process network satisfies the
dissipation inequality:

d/ðxÞ
dt

� yTQyþ 2yTS
û
~u
d

2
4

3
5þ û ~u d½ �R

û
~u
d

2
4

3
5 (33)

where
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S ¼ ½ S1 S2 S3 �

R ¼
R1 R4 R5

RT
4 R2 R6

RT
5 RT

6 R3

2
64

3
75 (34)

Matrix R is symmetric, consisting of six independent sub-
matrices. The constant matrices Q, Sjðj ¼ 1;…; 3Þ and
Rjðj ¼ 1;…; 6Þ can be derived directly from the supply rates
of individual process units in the network, as shown below:

Q ¼ diagfQig; i ¼ 1;…;N

S ¼ diagfSjig; j ¼ 1;…; 3; i ¼ 1;…;N

R ¼ diagfRjig; j ¼ 1;…; 6; i ¼ 1;…;N

(35)

where ðQi; Si;RiÞ describe the supply rate associated with i-th
process unit in the network.

Plant-Wide Operability Analysis

In this article, we study the following key aspects of
dynamic process operability: (1) plant-wide open-loop stabil-
ity, (2) stabilizability and (3) achievable dynamic control
performance in terms of disturbance attenuation.

Open-loop stability of process networks

In many cases, it is useful to ascertain whether a process
network is stable in open-loop, i.e., without the influence of
the control system. This information can be used to suggest
changes to the process network flowsheet to ameliorate some
instability effects introduced by large recycle streams or heat
integration schemes. Dissipative systems theory can provide
this information in a direct and simple way without the need
of complex calculations. The key tool for stability analysis
of dissipative systems is Theorem 2. To analyze the stability
properties of the process network in open-loop one needs to
quantify the effect of the physical interconnecting flow on
the dissipation inequality derived in (33).

Proposition 1 (Dissipativity of process network in open-
loop). Consider a nonlinear process network as shown in Fig-
ure 2 with a set of physical interconnecting flows given by:

~u ¼ � ~Hy (36)

and no plant-wide control system in place. Assume that the
collection of units that form the process network satisfies the
dissipation inequality in (33), i.e.,

d/ðxÞ
dt

� yTQyþ 2yT ½ S1 S2 S3 �
û

~u

d

2
64

3
75

þ ½ û ~u d �
R1 R4 R5

RT
4 R2 R6

RT
5 RT

6 R3

2
64

3
75

û

~u

d

2
64

3
75 ð37Þ

Then the process network with the physical interconnect-
ing flow (36) is (Q, S, R)-dissipative and satisfies:

d/ðxÞ
dt

� yTðQ� S2 ~H � ~HTST2 þ ~HTR2
~HÞy

þ 2yT ½S1 � ~HTRT
4 S3 � ~HTR6 �

û

d

� �

þ ûT dT
� � R1 R5

RT
5 R3

" #
û

d

� �
ð38Þ

Proof. The proposition can be immediately proved by
substituting ~u in (33) with (36). n

It can be seen that the process network is asymptotically
stable if the following condition is satisfied:

Q� S2 ~H � ~HTST2 þ ~HTR2
~H < 0 (39)

The aforementioned inequality shows that if each process
unit is (Q, S, R)-dissipative, then the stability of the process
network (whose sub-process units interact via by-pass and
recycle streams) without control action depends on the topol-
ogy of the process network that is described by ~H. Clearly
the stability of the process network may not be guaranteed
even though each process unit in isolation is stable, i.e.,
even though Qi are all negative definite for i ¼ 1;…;N. To
our knowledge, the aforementioned condition is the first
result that explicitly relates the topology of a chemical pro-
cess network to its plant-wide stability. In the next subsec-
tion, we extend the above open-loop (in the sense of feed-
back control) stability condition to a closed-loop result
which can be used to study the stabilizability of process
networks based on the dissipativity of process units and the
topology of the process network.

Stabilizability of process networks

From a control engineer’s point of view, it is often more
important to know whether a plant-wide process can be sta-
bilized using feedback control systems. Addressing this issue
requires consideration of the influence of the information
flow, i.e., the effect of the plant-wide controller. In this
work, it is assumed that the controller is ðQc; Sc;RcÞ-dissipa-
tive. This assumption may seem, at first, restrictive. How-
ever, the authors have shown elsewhere [Theorem 3.2 in
(21)] that any stable (possibly nonlinear) input-affine control-
ler is ðQc; Sc;RcÞ-dissipative, provided a certain linear matrix
inequality (LMI), relating the matrices Qc; Sc; Rc; and the
controller’s direct feed-through matrix, is satisfied. In partic-
ular, observe that standard PI-controllers are ðQc; Sc;RcÞ-dis-
sipative (see case study section).

Theorem 4 (Stabilizability of process networks). Consider
the process network shown in Figure 2 and discussed in
Proposition 1. Consider a plant-wide controller Rc : uc ! yc
that is ðQc; Sc;RcÞ-dissipative, i.e., one that satisfies the dis-
sipation inequality:

d/cðxcÞ
dt

� yTcQcyc þ 2yTc Scuc þ uTcRcuc (40)

As shown in Figure 2, the controller Rc is connected to
the process network such that:
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û ¼ yc

uc ¼ �ŷ ¼ �Fcy
(41)

where ŷ is the vector of measured variables. Under these
conditions, the process network is stabilizable if a set of Qc, Sc
and Rc can be found such that the Q matrix of the closed-loop
system with the controller:

Qcl ¼ Q� S2 ~H � ~HTST2 þ ~HTR2
~H þ FT

cRcFc S1 � FT
c S

T
c � ~HTRT

4

ST1 � ScFc � R4
~H R1 þ Qc

� �
t < 0 (42)

Proof. Consider the storage function /̂ ¼ /ðxÞ þ /cðxcÞ. Then, clearly, from (38) and (40) we have that:

d/̂ðx̂Þ
dt

� yTðQ� S2 ~H � ~HTST2 þ ~HTR2
~HÞyþ 2yT ½S1 � ~HTRT

4 S3 � ~HTR6 �
û

d

� �
þ ½ û d � R1 R5

RT
5 R3

� �
û

d

� �
þ yTcQcyc þ 2yTc Scuc þ uTcRcuc ð43Þ

This leads to:

d/̂ðx̂Þ
dt

� ½ yT yTc �
Q� S2 ~H � ~HTST2 þ ~HTR2

~H þ FT
cRcFc S1 � FT

c S
T
c � ~HTRT

4

ST1 � ScFc � R4
~H R1 þ Qc

" #
y

yc

� �
þ 2 yT yTc

� � S3 � ~HTR6

R5

" #
d þ dTR3d

ð44Þ

where /̂ ¼ /ðxÞ þ /cðxcÞ and x̂ ¼ xT xTc
� �T

. Condition (42)
immediately follows if the closed-loop system is zero state
detectable.

Assume the plant-wide control system Rc : uc ! yc is
ðQc; Sc;RcÞ-dissipative and has the following form (with a
direct feed-through matrix J):

_xc ¼ fcðxÞ þ GcðxÞuc
yc ¼ hcðxÞ þ Juc

(
(45)

the stabilizability analysis can be performed by solving the
following Linear Matrix Inequality (LMI) problem:

PROBLEM 1 (Stabilizability of nonlinear process network).
Given:
(1) A nonlinear process network (as shown in Figure 2)

satisfying the dissipation inequality (38):

d/ðxÞ
dt

� yTðQ� S2 ~H � ~HTST2 þ ~HTR2
~HÞy

þ 2yT ½ S1 � ~HTRT
4 S3 � ~HTR6 �

û

d

� �

þ ûT dT
� � R1 R5

RT
5 R3

" #
û

d

� �

(2) A ðQc; Sc;RcÞ-dissipative plant-wide control system
Rc : uc ! yc with a direct feed-through matrix J as shown in
(45).

Find Qc, Sc, Rc and J such that the LMI given in Equation
(42) and

Rc þ JTSc þ STc J þ JTQcJ � 0 (46)

are satisfied.

The aforementioned problem is convex and can be solved
by using any semi-definite programming tools.

The stabilizability condition given in Theorem 4 applies
to general nonlinear controllers and thus does not assume
controllers to have the form given in (45). The particular
controller form is adopted to simplify the problem of
determining process stabilizability as it allows the dissi-
pativity of the controller to be specified based on Theo-
rem 1. The additional matrix inequality in (46) is
required to guarantee the existence of a ðQc; Sc;RcÞ-dissi-
pative plant-wide control system (see Theorem A.1 in the
Appendix).

From Problem 1, it can be seen that the plant-wide stabi-
lizability is affected by both the network topology ~H that
describes the physical interconnections and the choices of
controlled variables (described by Fc).

Achievable disturbance attenuation

It is important to quantify the achievable dynamic per-
formance in terms of disturbance attenuation, as part of
plant-wide operability analysis. Like open-loop stability and
plant-wide stabilizability, achievable disturbance attenuation
is an inherent property of the process, independent of the
choice of controller. Such operability analysis tools for non-
linear processes are still not generally available. The authors
have described an approach based on dissipative systems
theory for nonlinear processes.21 Some of the tools
developed in21 can be adapted for networks of nonlinear
processes.

The key element that allows one to develop an analysis
tool for plant-wide achievable disturbance attenuation is the
close connection between the (Q, S, R)-dissipativity proper-
ties of the process network and its finite gain L2 stability
properties. Once this connection is properly established, the
achievable control performance in terms of disturbance
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attenuation for a process network can be assessed by mini-
mizing the L2 gain that relates the disturbances dðtÞ affect-
ing the network and the variables y�ðtÞ considered relevant
for dynamic performance. For example, y�ðtÞ could contain
the deviations of the plant product concentrations from
their target values. Clearly, a nonlinear process network
with a smaller L2 gain from dðtÞ to y�ðtÞ has better
dynamic operability characteristics and thus is a preferred
design.

It is assumed that the vector y*(t) of variables relevant to
dynamic operability can be defined as follows:

y� ¼ Vŷ (47)

where V is a constant selector matrix that could also contain
the relative weighting assigned to each component of the
measurement vector ŷ for operability.

Theorem 5 (Achievable disturbance attenuation). Consider
the nonlinear process network shown in Figure 2. Assume that
each unit in the network is ðQi; Si;RiÞ-dissipative. In addition,
consider a plant-wide controller Rc : uc ! yc that is ðQc; Sc;RcÞ-
dissipative. Suppose that every unit in the network, including the
controller Rc, are zero state detectable and have zero initial con-
ditions. Let the disturbance vector dðtÞ acting on the process net-
work be in L2e. Consider the nonlinear process network with input
dðtÞ and output the vector y�ðtÞ of variables relevant to dynamic
operability. If the following linear matrix inequality (LMI):

R3 � a2I ST3 � RT
6
~H RT

5

S3 � ~HTR6 Q� S2 ~H � ~HTST2 þ ~HTR2
~H þ FT

cRcFc S1 � FT
c S

T
c � ~HTRT

4

R5 ST1 � ScFc � R4
~H R1 þ Qc

2
4

3
5 � 0 (48)

is satisfied for some scalar a > 0, then ROP : d ! y� has finite
L2 gain less than or equal to a, i.e.,

ky�skL2 � ckdskL2 and c � a (49)

Proof. Consider the result in Theorem 4. Since
y� ¼ Vŷ ¼ VFcy, we have that the following identity holds:

yTFT
cV

TVFcy� y�Ty� ¼ 0 (50)

Thus, the dissipation inequality (44) in Theorem 4 can be
rewritten as follows:

d/̂ðx̂Þ
dt

�� ½ yT yTc �Q̂
y

yc

" #
þ 2½ yT yTc �

S3 � ~HTR6

R5

" #
d

þ dTR3d � y�Ty� ð51Þ

where:

Q̂ ¼ � Q� S2 ~H � ~HTST2 þ ~HTR2
~H þ FT

cRcFc þ FT
cV

TVFc S1 � FT
c S

T
c � ~HTRT

4

ST1 � ScFc � R4
~H R1 þ Qc

� �
(52)

Assume that Q̂ aforementioned is positive definite, (i.e.
Q̂ > 0). Notice that if Q̂ > 0 then the nonlinear process net-
work in closed-loop with the plant-wide controller Rc is
asymptotically stable (see Theorem 4). One can now com-
plete squares in (51) and obtain:

d/̂ðx̂Þ
dt

�� Q̂1=2 y
yc

� �
� Ŝd

				
				
2

�y�Ty� þ dTðR3 þ ŜT ŜÞd
(53)

where:

Ŝ ¼ Q̂�1=2 S3 � ~HTR6

R5

� �
(54)

Thus the process network with inputs dðtÞ and outputs the
vector y�ðtÞ of variables relevant to dynamic operability is
dissipative and satisfies the dissipation inequality:

d/̂ðx̂Þ
dt

�� y�Ty� þ dTðR3 þ ŜT ŜÞd (55)

Using the result in Theorem 3 it can be seen that
ROP : d ! y� has finite L2 gain c, with c less than or equal
to a > 0 satisfying the matrix inequality:

R3 þ ŜT Ŝ� a2I � 0 (56)

By means of the Schur complement39 we have that the
aforementioned inequality plus the condition Q̂ > 0 is equiv-
alent to the LMI in (48). This concludes the proof. n

The aforementioned theorem establishes an efficient com-
putational procedure to calculate an upper bound (the nonneg-
ative scalar a) for the finite L2 gain of the nonlinear process
network ROP : d ! y�. The truncated L2 norm of the disturb-
ance can be estimated from historical plant operation data:

kdskL2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZs

0

dTðtÞdðtÞdt

vuuut (57)
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A small value of a indicates good operability in terms of
disturbance attenuation by a feedback controller, as it implies
smaller disturbance effect on the controlled variables.

Using the result in Theorem 5, the achievable disturbance
attenuation of the nonlinear process network can be quanti-
fied via the following optimization problem:

PROBLEM 2 (Achievable disturbance attenuation for nonlin-
ear process network).

Given:

(1) A nonlinear process network (as shown in Figure 2)
satisfying the dissipation inequality (38):

d/ðxÞ
dt

� yTðQ� S2 ~H � ~HTST2 þ ~HTR2
~HÞy

þ 2yT ½ S1 � ~HTRT
4 S3 � ~HTR6 �

û

d

� �

þ ûT dT
� � R1 R5

RT
5 R3

� �
û

d

� �

(2) A ðQc; Sc;RcÞ-dissipative plant-wide control system
Rc : uc ! yc with direct feed-through matrix J [as shown in
(45)].

Compute:

min
Qc ;Sc;Rc ;J

a2

subject to matrix inequalities (46) and (48).
The parameter a represents an upper bound for the L2

gain of the system from the disturbance d to controlled out-
put y*, which quantifies the effect of disturbance on the con-
trolled output. Therefore, with the value of a, the upper
bound of the truncated L2 norm of y* (indeed the truncated
L2 norm of the error, with the assumption of r ¼ 0) can be
calculated from the truncated L2 norm of the disturbance d
[which can be estimated using Eq. 57]. If such an upper
bound on the error meets the operational requirement, the
plant-wide operability is deemed satisfactory.

Discussion

We have shown that dissipative systems theory can provide
operability analysis tools for complex and large-scale nonlinear
process networks. The proposed analysis approach can be
carried out efficiently with very limited computation and is
scalable. Indeed, for a fixed feed-through matrix J in the plant-
wide controller Rc, Problem 2 reduces to a convex optimization
problem with a guaranteed unique solution and can be solved
using standard semi-definite programming algorithms. Observe
that this characteristic is independent from the actual degree of
nonlinearity of the entire process network.

One of the key issues in the proposed approach is to
determine the dissipativity of process units. Although Theo-
rem 1 provides an approach to assess dissipativity for gen-
eral control-affine systems, the dissipativity of many chemi-
cal processes can be determined based on mass and energy
balances and thermodynamics by using physically motivated
storage functions. Ydstie et al. (See Refs. 31 and 32) have
linked process thermodynamics with dissipativity. Hangos
et al.35 also developed principles of constructing a Hamilto-

nian system model for processes so that their dissipativity
can be easily determined. These recent developments have
made dissipativity based operability analysis a viable
approach for chemical engineers.

Multi-loop, multi-unit and plant-wide multivariable control
structures are often implemented in the process industries.
Multi-loop control employs multiple single loop controllers
to control a multivariable process. Multi-unit control refers
to the control structure that implements one multivariable
controllers for each process unit (or part of it) but ignores
the interactions between process units. Generally speaking,
multi-loop and multi-unit control is simpler to implement
and more fault tolerant but usually achieves poorer control
performance than multivariable control. Control structures
can be taken into account in the operability analysis so that
the impact of control structures can be evaluated. By restrict-
ing the structures of matrices Qc, Sc and Rc in Problem 1
and Problem 2, we can determine whether a plant-wide pro-
cess can be stabilized by multi-loop, multi-unit or multivari-
able controllers and what level of control performance can
be achieved by different control structures. Matrices Qc, Sc
and Rc should be diagonal, block diagonal and full for
multi-loop, multi-unit and plant-wide multivariable control
structures, respectively.

Sometimes, it is useful to determine the aforementioned
plant-wide operability with controller outputs constraints (or
equivalently, the physical limitations of actuators). Assume
that a set of controller outputs y�cðtÞ ¼ VcycðtÞ is constrained.
Then the limitation on the controller outputs can be repre-
sented as an upper bound on the L2 gain (denoted as cc) of
the system from the disturbance dðtÞ to the controller output
y�cðtÞ. The condition given in Proposition A.1 (see the Ap-
pendix), similar to Theorem 5, can be used to represent this
constraint. This condition can then be included as one addi-
tional constraint in Problem 1 and Problem 2 to obtain the
stabilizability and achievable disturbance attenuation with
constrained controller outputs.

Recently, other researchers have also proposed to use dis-
sipative systems theory to analyze complex process net-
works. Jillson and Ydstie,40 for example, have proposed a
framework for the design of a distributed control system for
nonlinear process networks which are assumed to satisfy the
first and second laws of thermodynamics. They combine dis-
sipative systems theory with network theory and thermody-
namics to derive sufficient conditions for stabilizability using
decentralized control, resulting in a scalable approach. Com-
pared with,40 the approach developed in this article explicitly
takes into account the interconnection structure (i.e., network
topology) of process networks and can be potentially less
conservative by trading off dissipativity of different process
units in the network.

Case study

Heat Exchanger Network In this section we study the
operability of a heat exchanger network. Consider a particu-
lar heat exchanger network as shown in Figures 4 and 5.
The notation given in Figure 5 is in accordance to that pro-
posed in the previous section regarding the representation of
process networks. The heat exchanger network (HEN) con-
sists of three process to process heat exchangers and one
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utility heat exchanger labeled ‘C’. There is one hot process
stream and two cold process streams in the HEN. The flow
rates of these streams are assumed to be constant. Two of the
process to process heat exchangers are designed with by-pass
streams for control purpose. The utility heat exchanger is con-
trolled by manipulating the flow rate of the cooling water.

The operability study conducted in this case study exam-
ines whether the HEN can be stabilized using a simple
multi-loop PI-controller and the disturbance propagation can
be attenuated. A disturbance is introduced via the second
heat exchanger as an L2 norm-bounded signal of the inlet
flow which is denoted as d1,2. As can be observed in Figure
5, the disturbance will propagate throughout the entire heat
exchanger network due to the interconnection topology of
the network.1 Theorem 5 can be used to quantify the disturb-
ance effects on each of the controlled variables.

It is important to show the dissipativity of each heat
exchanger as a subsystem of the entire HEN. The following
subsections describe in detail how to establish the (Q, S, R)-
dissipativity of each heat exchanger using Theorem 1 and
also the (Q, S, R)-dissipativity of a multi-loop PI-controller.
The equations of the heat exchangers were obtained based
on the modeling approach by Hangos et al.41

Heat Exchanger with By-Pass. Consider heat exchangers
1 and 3 from Figure 5 with by-pass in one of the process
streams. The physics of the process can be described by the
following state space equations:

dT2ðtÞ
dt

¼ eðtÞm�1
Va

ðT�
1 � T2ðtÞÞ þ UA

cpaqaVa

ðT4ðtÞ � T2ðtÞÞ
dT4ðtÞ
dt

¼ m�3
Vb

ðT3ðtÞ � T4ðtÞÞ þ UA

cpbqbVb

ðT2ðtÞ � T4ðtÞÞ
(58)

where it has been assumed that the heat exchanger has
constant mass hold-up and that the input temperature T1ðtÞ of
the hot stream is constant and equal to T�

1 . eðtÞv�1 is the fraction

of the hot stream flow rate that enters the heat exchanger while
ð1� eðtÞÞv�1 is the fraction by-passed to the output. Observe
that the fraction eðtÞ is time varying and it is indeed one of the
inputs to the heat exchanger:

uðtÞ ¼ eðtÞ
m�3T3ðtÞ

� �
(59)

The outputs of the heat exchanger are assumed to be:

yðtÞ ¼ m�1ð1� eðtÞÞT�
1 þ m�1eðtÞT2ðtÞ

m�3T4ðtÞ
� �

(60)

Consider the following constant parameters:

ha ¼ 1

Va

hb ¼ 1

Vb

ka ¼ UA

cpaqaVa

kb ¼ UA

cpbqbVb

(61)

and the deviation variables:

dT2 ¼ T2 � T�
2

dT3 ¼ T3 � T�
3

dT4 ¼ T4 � T�
4

de ¼ e� e�

(62)

where, to simplify the notation, we have dropped the explicit
time dependence of the variables. The tuple ðT�

2 ;T
�
3 ; T

�
4 ; e

�Þ
defines the operating point of interest. With the aforemen-

Figure 4. Heat exchanger network case study.

Figure 5. Heat exchanger network case study with control.

AIChE Journal April 2009 Vol. 55, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 973



tioned definitions, the heat exchanger model (58)–(60) can be
written as follows:

d _T2 ¼ �ðka þ ham
�
1e

�ÞdT2 þ kadT4 þ haðT�
1 � T�

2 � dT2Þm�1 de

d _T4 ¼ kbdT2 � ðkb þ hbm
�
3ÞdT4 þ hbm

�
3 dT3

y1 ¼ m�1e
�dT2 � m�1ðT�

1 � T�
2 � dT2Þde

y2 ¼ m�3dT4 ð63Þ

Define the input vector as:

u ¼ de
m�3dT3

� �
(64)

Then, the heat exchanger nonlinear model (63) has the
form:

P :
_x ¼ f ðxÞ þ GðxÞu
y ¼ hðxÞ þ JðxÞu

�
(65)

where:

f ðxÞ ¼ �ðka þ ham�1e
�Þ dT2 þ kadT4

kbdT2 � ðkb þ hbm�3ÞdT4

� �
GðxÞ ¼ haðT�

1 � T�
2 � dT2Þm�1 0

0 hb

� �

hðxÞ ¼ m�1e
�dT2

m�3dT4

� �
JðxÞ ¼ �m�1ðT�

1 � T�
2 � dT2Þ 0

0 0

� � (66)

It is found that the heat exchangers 1 and 3 as depicted in
Figure 5 with state space nonlinear model (65)–(66) are
(Q,S,R)-dissipative with Q \ 0. Details can be found in
Proposition A.2.

Utility Heat Exchanger. Consider the utility heat
exchanger numbered as 4 in Figure 5. The outlet temperature
of the process stream is to be controlled by manipulating the
flow rate of the cooling medium (water). The system behav-
ior can therefore be described using the following equations:

dT2ðtÞ
dt

¼ m�1
Va

ðT1ðtÞ � T2ðtÞÞ þ UA

cpaqaVa

ðT4ðtÞ � T2ðtÞÞ

dT4ðtÞ
dt

¼ m3ðtÞ
Vb

ðT�
3 � T4ðtÞÞ þ UA

cpbqbVb

ðT2ðtÞ � T4ðtÞÞ
(67)

It has been assumed that the heat exchanger has constant
mass hold-up, the flow rate of the process stream v1ðtÞ and
supply temperature of the cooling water T3ðtÞ are constant,
corresponding to v�1 and T�

3 . Equation 67 can be rewritten in
its deviation variables as follows:

d _T2 ¼ �ðka þ ham
�
1ÞdT2 þ kadT4 þ ham

�
1 dT1

d _T4 ¼ kbdT2 � ðkb þ hbm
�
3ÞdT4 þ hbðT�

3 � T�
4 � dT4Þdm3

y1 ¼ m�1dT2

y2 ¼ m�3dT4 þ ðT�
4 þ dT4Þdm3 ð68Þ

with the input vector:

u ¼ m�1 dT1
dm3

� �
(69)

Heat exchanger 4 as depicted in Figure 5 with state space
nonlinear model (68), (69) can be shown to be (Q,S,R)-dissi-
pative with Q\ 0. Details can be found in Proposition A.3.

Common Process to Process Heat Exchanger. Consider
heat exchanger 2 in Figure 5 where the flow rates of both

streams are constant while the inlet temperatures may vary.
The system can be written as follows:

dT2ðtÞ
dt

¼ m�1
Va

ðT1ðtÞ � T2ðtÞÞ þ UA

cpaqaVa

ðT4ðtÞ � T2ðtÞÞ

dT4ðtÞ
dt

¼ m�3
Vb

ðT3ðtÞ � T4ðtÞÞ þ UA

cpbqbVb

ðT2ðtÞ � T4ðtÞÞ
(70)

It is assumed that the heat exchanger has constant mass
hold-up, the flow rates of both process streams v1ðtÞ and
V3ðtÞ are constant, corresponding to v�1 and v�3. The heat
exchanger description in Eq. 70 can be rewritten in terms of
deviation variables as follows:

d _T2 ¼ �ðka þ ham
�
1ÞdT2 þ kadT4 þ ham

�
1 dT1

d _T4 ¼ kbdT2 � ðkb þ hbm
�
3ÞdT4 þ hbm

�
3 dT3

y1 ¼ m�1 dT2
y2 ¼ m�3 dT4

(71)

with the input vector:

u ¼ m�1 dT1
m�3 dT3

� �
(72)

It must be noted in this case the heat exchanger described
in (71) and (72) is linear in the form of:

P :
_x ¼ Axþ Bu
y ¼ Cxþ Du

�
(73)

Consider heat exchanger 2 as depicted in Figure 5
with state space linear model. It can be shown to be (Q,S,R)-
dissipative with Q \ 0. Details can be found in Proposition
A.4.

Proportional and Integral Controller In the case study
aforementioned, the operability study is done using multi-
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loop PI-controller. The following state space representation
is used to describe a multi-loop PI-controller:

_x ¼ KIuc

yc ¼ xþ Kcuc
(74)

As can be seen from Eq. 74 a PI controller has a direct
feed-through matrix J ¼ Kc.

Proposition 2 (ðQ; S;RÞ-dissipativity of PI controller). A
multi-loop proportional and integral (PI) controller with
KcKl > 0 is dissipative with respect to the following Q, S
and R:

Q ¼ 0 S ¼ P KI R ¼ �KT
C PKI (75)

Proof. Consider the following storage function
/ðxÞ : X ! Rþ:

/ðxÞ ¼ xT Px (76)

where P is symmetric. Then, the system in (74) has the
following supply rate:

_/ðxÞ ¼ _xTPxþ xTP _x

¼ ðKIuÞTPxþ xTPKIu

¼ ðKIuÞTPðy� KcuÞ þ ðy� KcuÞTPðKIuÞ
¼ 2yTPKIu� 2uTKT

c PKIu

� 2yTPKIu� uTKT
c PKIu

(77)

Therefore, the PI-controller in (74) is dissipative with:

Q ¼ 0 S ¼ P KI R ¼ �KT
C PKI (78)

n

Heat Exchanger Network Operability Study. The
ðQ; S;RÞ-dissipativity of each heat exchanger as subsystems
and the multi-loop PI-controller have been established as
shown. The next step involves the formulation of the net-
work description considering the topology of all the heat
exchangers. Following this, the stability, stabilizability and
disturbance attenuation analysis can be conducted.

Stability and stabilizability

The interaction between units of the heat exchanger net-
work in Figure 5 is represented by the following intercon-
nection matrix ~H [as defined in (4)]:

~u1;1
~u1;2
~u1;3
~u1;4

2
664

3
775 ¼ �

0 0 0 0 �1 0 0 0

�1 0 0 0 0 0 0 0

0 0 �1 0 0 0 0 0

0 0 0 0 0 �1 0 0

2
664

3
775

y1;1
y2;1
y1;2
y2;2
y1;3
y2;3
y1;4
y2;4

2
66666666664

3
77777777775
(79)

Following this, the overall open-loop ðQOP; SOP;ROPÞ-dis-
sipativity of the HEN can be calculated according to Eq. 38.

As QOP is not negative definite (from (132) in the Appen-
dix), the stability of the plant-wide open-loop process cannot

be determined. However, we can assess the stabilizability by
using Theorem 4. To incorporate the controller into the sys-
tem, a selector matrix Fc is employed (as shown below), as
described in Eq. 41:

uc1;1
uc1;3
uc1;4

2
4

3
5 ¼ �Fc

y1;1
y2;1
y1;2
y2;2
y1;3
y2;3
y1;4
y2;4

2
66666666664

3
77777777775

(80)

where:

Fc ¼
1
m1;1

0 0 0 0 0 0 0

0 0 0 0 1
m1;3

0 0 0

0 0 0 0 0 0 1
m1;4

0

2
64

3
75 (81)

Assume PI-controllers are employed. That is, Qc ¼ 0. By
solving Problem 1, it can be shown that the plant-wide pro-
cess can be stabilized with controllers satisfying the follow-
ing ðQc; Sc;RcÞ-dissipativity

Sc ¼
�17:4 0 0

0 12:8 0

0 0 �1:46� 105

2
64

3
75;

Rc ¼
�4:47� 108 0 0

0 �4:47� 108 0

0 0 �4:47� 108

2
64

3
75 ð82Þ

The closed-loop system is shown to be ðQcl; Scl;RclÞ-dissi-
pative. Moreover, Qcl is negative definite (Eq. 135 in the
Appendix). This indicates that the heat exchanger network
in this case study can be stabilized using a multi-loop PI-
controller.

Achievable disturbance attenuation

The disturbance attenuation analysis on one of the con-
trolled outputs was further investigated. In this instance, the
final outlet temperature of the hot stream ðŷ1;4Þ in Figure 5
is considered to be the controlled output of interest and the
product of the flow rate and temperature of the cold stream
to the second heat exchanger ðd1;2Þ as the disturbance vari-
able. By solving Problem 2, the effect of disturbance to the
output of interest can be quantified. It was found that the so-
lution to the problem results in the same multi-loop PI con-
troller as calculated previously.

It was found that the L2 gain between d1;2 and ŷ1;4 is less
than or equal to a ¼ 88:5 m�3 s. This value of a represents
the L2 gain between the variation of d1;2 in the second heat
exchanger to the controlled temperature ŷ1;4. The actual
effect of disturbance to the controlled temperature is indi-
cated by a normalized value of a, denoted ~a, which repre-
sents the L2 gain between the variation of temperature only
(ignoring the effect of flowrate) in d1;2 and the controlled
temperature ŷ1;4. The value of ~a can be easily calculated
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because the inlet flow rate of d1;2 is assumed constant. ~a was
found to be 0.374, which means that with the control system
specified, the magnitude of deviation of the disturbance can
be attenuated such that its effect on the controlled variable is
at most 37% (in terms of the truncated L2 norm).

Conclusion

In this article, a new operability analysis approach for
nonlinear plant-wide processes is developed from a network
perspective. There are two distinctive features of the pro-
posed approach. First, a new framework for representing
process units is developed to model separately the physical
mass and energy flows from/to process units and the infor-
mation flows between process units and control systems.
This leads to straightforward description of process network
topologies directly from process flowsheets. Second, the con-
cept of dissipativity and dissipative theory are used as the
theoretical foundation of this work as they are most appro-
priate for dynamical analysis for interconnected nonlinear
systems. Operability analysis methods have been developed
to determine the open-loop plant-wide stability, stabilizabil-
ity and achievable disturbance attenuation from the dissipa-
tivity of process units and the topology of the process net-
work. This analysis approach is very scalable as it is not
based on the model of the entire plant-wide process and thus
can be used to analyze large process networks. This work
shows the links between process dissipativity and operabil-
ity, and provides new insights into how interconnections
between process units affect plant-wide operability. As dissi-
pativity of chemical processes can be linked to their thermo-
dynamic properties and determined based on physically
motivated storage functions, the proposed operability analy-
sis is a viable approach for chemical engineers.
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Appendix

Relevant definitions and theorems

Main Definitions and Results of Dissipative Systems Theory. In
this section some of the main concepts and definitions of
dissipative systems theory are reviewed. This material is
mainly adopted from26,42 and the readers are referred to
those sources for further details.

DEFINITION A.1 (Dynamical systems).26 A dynamical sys-
tem R is defined through the input space U, output space Y,
state space X and two functions: the state transition function
wðt; t0; x0; uÞ which maps Rþ

2 � X � U into X, and the read-
out function rðwðt; t0; x0; uÞ; uðtÞÞ which maps X � U into Y,
where Rþ

2 ¼ ðt2; t1Þjt2 � t1 and t1; t2 2 Rf g.
The input and output space U and Y are closed under the

shift operator, i.e., if u 2 U, y 2 Y, then functions uðtþ TÞ
and yðtþ TÞ belong to U and Y respectively for any T 2 R.
The state transition function wðt; t0; x0; uÞ is a map that

obeys the following conditions:
(1) Consistency: wðt0; t0; x0; uÞ ¼ x0 for all t0 2 R,

x0 2 X and u 2 U;
(2) Determinism: wðt1; t0; x0; u1Þ ¼ wðt1; t0; x0; u2Þ for all

ðt1; t0Þ 2 Rþ
2 and x0 2 X and u1; u2 2 U satisfying

u1ðtÞ ¼ u2ðtÞ for all t0 � t � t1.
(3) Semi-group property: wðt2; t0; x0; uÞ ¼ wðt2; t1;

wðt1; t0; x0; uÞ; uÞ for all t0 � t1 � t2, x0 2 X and u 2 U.
(4) Stationarity: wðt1 þ T; t0 þ T; x0; uTÞ ¼ wðt1; t0; x0; uÞ

for all ðt1; t0Þ 2 Rþ
2 , T 2 R and x0 2 X and u; uT 2 U

related by uTðtÞ ¼ uðtþ TÞ for all t 2 R.
There exists an element y 2 Y such that

yðtÞ ¼ rðwðt; t0; x0; uÞ; uðtÞÞ for all t � t0.

DEFINITION A.2 (Supply rate).26 The supply rate is a real
valued function:

wðu; yÞ : U � Y ! R (83)

which is locally integrable for any u 2 U, y 2 Y and
s � 0. That is,

Zs

0

jwðuðtÞ; yðtÞÞjdtt < 1 (84)

DEFINITION A.3 (Dissipative dynamical system).26 A
dynamic system R with supply rate wðu; yÞ is said to be dis-
sipative if there exists a nonnegative function /ðxÞ :
X ! Rþ, called the storage function, such that for all initial
condition x0 2 X, input u 2 U and s � 0,

/ðxÞ � /ðx0Þ �
Zs

0

wðuðtÞ; yðtÞÞdt (85)

where x is the state at time t ¼ s.
Hill and Moylan36,42,43 developed a comprehensive analyt-

ical framework for those dissipative systems that posses a
quadratic supply rate of the form:

wðu; yÞ ¼ yTQyþ 2yTSuþ uTRu (86)

where Q 2 Rp�p, S 2 Rp�m, R 2 Rm�m are constant
matrices with Q and R symmetric. These type of systems are
said to be ðQ; S;RÞ-dissipative to emphasize the special
structure of the associated supply rate.

Theorem of (Q,S,R)-dissipative system synthesis

Theorem A.1 (Synthesis of ðQ; S;RÞ-dissipative
systems).21 Consider a nonlinear free system

_x ¼ f ðx; 0Þ (87)

with an asymptotically stable equilibrium x ¼ 0 and a known
Lyapunov function /ðxÞ : Rn ! Rþ such that /ðxÞ > 0 8
x 6¼ 0 and /ð0Þ ¼ 0. For given matrices Q 2 Rp�p,
S 2 Rp�m and R 2 Rm�m and a given feed-through matrix
JðxÞ : Rn ! Rp�m, there always exists a nonlinear function
matrix GðxÞ : Rn ! Rn�m and a nonlinear read-out map
hðxÞ : Rn ! Rp such that the input-affine nonlinear system
is ðQ; S;RÞ-dissipative if

Rþ JðxÞTSþ STJðxÞ þ JðxÞTQJðxÞ � 0: (88)

On controller output constraint

Proposition A.1 (Achievable disturbance attenuation with
constrained controller outputs).
Consider the nonlinear process network shown in Figure

2 together with the assumptions described in Theorem 5. In
addition, assume that the outputs of the plant-wide controller
Rc that are constrained are given by:

y�c ¼ Vcyc (89)

where Vc is a constant selector matrix of appropriate dimen-
sion. If the following linear matrix inequality (LMI)

R3 � a2cI ST3 � RT
6
~H RT

5

S3 � ~HTR6 Q� S2 ~H � ~HTST2 þ ~HTR2
~H þ FT

cRcFc S1 � FT
c S

T
c � ~HTRT

4

R5 ST1 � ScFc � R4
~H R1 þ Qc þ VT

c Vc

2
4

3
5 � 0 (90)
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is satisfied for some scalar ac > 0, then the nonlinear pro-
cess network �ROP : d ! y�c has finite L2 gain cc, with cc less
than or equal to ac > 0.
Proof. The proof follows similar arguments to those

used in the proof of Theorem 5 starting with the identity
yTcV

T
c Vcyc � y�Tc y�c ¼ 0.

Dissipativity of the HEN

Proposition A.2 (Dissipativity of heat exchanger with by-
pass). The heat exchangers 1 and 3 as depicted in Figure
5 with state space nonlinear model (65), (66) are ðQ; S;RÞ-
dissipative, with:

Q ¼ q1 q3

q3 q2

� �
< 0

S ¼ s1 s2

s3 s4

� �

R ¼ r1 r3

r3 r2

� � (91)

if dT2 is bounded by Inequality (95).
Proof: Consider the result in Theorem 1. Let the storage

function /ðxÞ : Rn ! Rþ be:

/ðxÞ ¼ xTPx

¼ ½ dT2 dT4 �
p1 p3

p3 p2

� �
dT2
dT4

� �
(92)

Also let:

lðxÞ ¼

l1 dT4
0

l2 dT2
l3 dT4

l4 dT2 þ l5 dT4

2
6666664

3
7777775

WðxÞT ¼
ffiffiffiffiffi
q̂1

p
dT2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w4 � 2q̂1 dT2

2

p
w3 w5 0

w1 0 w2 0 0

" #

(93)

where l1; l2; l3; l4; l5;w1;w2;w3;w4;w5 are parameters and:

q̂1 ¼ �q1ðv�1Þ2 (94)

Observe that for the expression (93) to be valid it is
required that:

q̂1 > 0

jdT2j\
ffiffiffiffiffiffiffi
w4

2q̂1

r
(95)

Let:

s1 ¼ q1v
�
1ðT�

1 � T�
2Þ

s3 ¼ q3v
�
1ðT�

1 � T�
2Þ

(96)

We now check the conditions outlined in Theorem 1:
Condition-(ii):

@/T

@x
f ðxÞ ¼ 2ð�p1ðka þ hav

�
1e

�Þ þ p3kbÞdT2
2

þ 2ðp1ka � p3ðka þ hav
�
1e

�Þ þ p2kb � p3ðkb þ hbv
�
3ÞÞdT2dT4

þ 2ð�p2ðkb þ hbv
�
3Þ þ p3kaÞdT2

4 ð97Þ

hðxÞTQhðxÞ � lðxÞTlðxÞ ¼ ð�q̂1ðe�Þ2 � l22 � l24ÞdT2
2

þ ð2e�q3v�1v�3 � 2l4l5ÞdT2dT4
þ ðq2ðv�3Þ2 � l21 � l23 � l25ÞdT2

4

(98)

Equating (97) and (98) and matching the coefficients of
the terms with the same power of dT2 and dT4, the following
set of equations are obtained:

2ð�p1ðkaþ hav
�
1e

�Þþ p3kbÞ ¼�q̂1ðe�Þ2� l22� l24

p1ka� p3ðkaþ hav
�
1e

�Þþ p2kb� p3ðkbþ hbv
�
3Þ ¼ e�q3v�1v

�
3� l4l5

2ð�p2ðkbþ hbv
�
3Þþ p3kaÞ ¼ q2ðv�3Þ2� l21� l23� l25 ð99Þ

Condition-(iii):

1

2
GðxÞT @/

@x
¼

hav�1p1ðT�
1�T�

2�dT2Þ dT2þhav�1p3ðT�
1�T�

2�dT2ÞdT4
hbp3 dT2þhbp2 dT4

� �
ð100Þ

By substituting the values of s1 and s3 in (96), the follow-
ing equations are obtained:

ðQJðxÞ þ SÞThðxÞ ¼ �q̂1e�dT2
2 þ q3v

�
1v

�
3dT2dT4

s2v
�
1e

� dT2 þ s4v
�
3 dT4

� �
(101)

�WðxÞTlðxÞ ¼ � ffiffiffiffiffi
q̂1

p
l1 dT2dT4 � w3l2 dT2 � w5l3 dT4
�w1l1 dT4 � w2l2 dT2

� �
(102)

Next, we match the coefficients of the terms with the
same power of dT2 and dT4 to obtain the following set of
equations:

hav
�
1p1ðT�

1 � T�
2Þ ¼ �w3l2

hav
�
1p1 ¼ q̂1e

�

�hav
�
1p3 ¼ q3v

�
1v

�
3 �

ffiffiffiffiffi
q̂1

p
l1

hav
�
1p3ðT�

1 � T�
2Þ ¼ �w5l3

hbp2 ¼ s4v
�
3 � w1l1

hbp3 ¼ s2v
�
1e

� � w2l2

(103)

Condition-(iv): Replacing s1 and s3 in (96) we obtain:
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Rþ JðxÞTSþ STJðxÞ þ JðxÞTQJðxÞ ¼
r1 þ q̂1ðT�

1 � T�
2Þ2 � q̂1 dT2

2 r3 � s2v
�
1ðT�

1 � T�
2 � dT2Þ

r3 � s2v
�
1ðT�

1 � T�
2 � dT2Þ r2

" #

(104)

Also:

WðxÞTWðxÞ

¼ w4 þ w2
3 þ w2

5 � q̂1 dT2
2 w2w3 þ w1

ffiffiffiffiffi
q̂1

p
dT2

w2w3 þ w1

ffiffiffiffiffi
q̂1

p
dT2 w2

1 þ w2
2

" #
ð105Þ

Equating (104) and (105) and matching the coefficients of
the terms with the same power of dT2, the following set of
equations are obtained:

r1 þ q̂1ðT�
1 � T�

2Þ2 ¼ w4 þ w2
3 þ w2

5

r3 � s2v
�
1ðT�

1 � T�
2Þ ¼ w2w3

s2v
�
1 ¼ w1

ffiffiffiffiffi
q̂1

p
r2 ¼ w2

1 þ w2
2

(106)

We can now combine the set of Eqs. 99, 103, and 106 to
determine the unknown parameters contained in the matrices
Q, S, R, lðxÞ and WðxÞ. There are 23 parameters and 15
equations [including (96)].
Proposition A.3 (Dissipativity of utility heat

exchanger). Heat exchanger 4 as depicted in Figure 5 with
state space nonlinear model (68), (69) is ðQ; S;RÞ-dissipative
with:

Q ¼ q1 q3

q3 q2

� �
< 0

S ¼ s1 s2

s3 s4

� �

R ¼ r1 r3

r3 r2

� � (107)

if dT2 is bounded by Inequality (111).
Proof: Consider the result in Theorem 1. Let the storage

function /ðxÞ : Rn ! Rþ be:

/ðxÞ ¼ xTPx

/ðxÞ ¼ ½ dT2 dT4 �
p1 p3

p3 p2

� �
dT2
dT4

� �
(108)

Also let:

lðxÞ ¼

l1 dT2
0

l2 dT4
l3 dT2

l4 dT2 þ l5 dT4

2
6666664

3
7777775

WðxÞT ¼ w1 0 w2 0 0ffiffiffiffiffi
q̂2

p
dT4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w4 � 2q̂2 dT2

4

p
w3 w5 0

� �
(109)

where l1; l2; l3; l4; l5;w1;w2;w3;w4;w5 are parameters and:

q̂2 ¼ �q2 (110)

Observe that for the expression (109) to be valid it is
required that:

q̂2 > 0

jdT4jt
ffiffiffiffiffiffiffi
w4

2q̂2

r
(111)

Let:

s2 ¼ �q3T
�
4

s4 ¼ �q2T
�
4

(112)

We next review the conditions outlined in Theorem 1.
Condition-(ii):

@/T

@x
f ðxÞ ¼ 2ð�p1ðka þ hav

�
1Þ þ p3kbÞ dT2

2

þ 2ðp1ka � p3ðka þ hav
�
1Þ þ p2kb � p3ðkb þ hbv

�
3ÞÞ dT2dT4

þ 2ð�p2ðkb þ hbv
�
3Þ þ p3kaÞ dT2

4 ð113Þ

hðxÞTQhðxÞ � lðxÞTlðxÞ ¼ ðq1v21 � l21 � l23 � l24ÞdT2
2

þ ð2q3v�1v�3 � 2l4l5ÞdT2dT4 þ ð�q̂2ðv�3Þ2 � l22 � l25ÞdT2
4

ð114Þ

Equating (113) and (114) and matching the coefficients of
the terms with the same power of dT2 and dT4, the following
set of equations are obtained:

2ð�p1ðka þ hav
�
1Þ þ p3kbÞ ¼ q1 � l21 � l23 � l24

p1ka � p3ðka þ hav
�
1Þ þ p2kb � p3ðkb þ hbv

�
3Þ ¼ q3v

�
1v

�
3 � l4l5

2ð�p2ðkb þ hbv
�
3Þ þ p3kaÞ ¼ �q̂2ðv�3Þ2 � l22 � l25

ð115Þ

Condition-(iii):

1

2
GðxÞT @/

@x

¼ hap1dT2 þ hap3dT4
hbp3ðT�

3 � T�
4 � dT4ÞdT2 þ hbp2ðT�

3 � T�
4 � dT4ÞdT4

� �
ð116Þ

We substitute the values of s2 and s4 in (112) to obtain
the following:

ðQJðxÞ þ SÞThðxÞ ¼ s1v
�
1 dT2 þ s3v

�
3 dT4

q3v
�
1 dT2dT4 þ q2v

�
3 dT2

4

� �
(117)

�WðxÞTlðxÞ ¼ �w1l1dT2 � w2l2dT4
� ffiffiffiffiffi

q̂2
p

l1 dT2dT4 � w3l2dT4 � w5l3dT2

� �
(118)

Next, we match the coefficients of the terms with the
same power of dT2 and dT4, to obtain the following set of
equations:
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hap1 ¼ s1v
�
1 � w1l1

hap3 ¼ s3v
�
3 � w2l2

hbp3ðT�
3 � T�

4Þ ¼ �w5l3

hbp2ðT�
3 � T�

4Þ ¼ �w3l2

�hbp3 ¼ q3v
�
1 �

ffiffiffiffiffi
q̂2

p
l1

hbp2 ¼ q̂2v
�
3

(119)

Condition-(iv):
Replacing s4 in (112), we obtain:

Rþ JðxÞTSþ STJðxÞ þ JðxÞTQJðxÞ

¼ r1 r3 þ s3ðT�
4 þ dT4Þ

r3 þ s3ðT�
4 þ dT4Þ r2 þ q̂2ðT�

4Þ2 � q̂2dT2
4

" #
ð120Þ

Also:

WðxÞTWðxÞ

¼ w2
1 þ w2

2 w2w3 þ w1

ffiffiffiffiffi
q̂2

p
dT4

w2w3 þ w1

ffiffiffiffiffi
q̂2

p
dT4 w4 þ w2

3 þ w2
5 � q̂2dT2

4

" #
ð121Þ

Equating (120) and (121) and matching the coefficients of
the terms with the same power of dT2, the following set of
equations are obtained:

r1 ¼ w2
1 þ w2

2

r3 þ s3T
�
4 ¼ w2w3

s3 ¼ w1

ffiffiffiffiffi
q̂2

p
r2 þ q̂2ðT�

4Þ2 ¼ w4 þ w2
3 þ w2

5

(122)

We can now combine the set of Eqs. 115, 119, and 122
to determine the unknown parameters contained in the mat-
rices Q, S, R, lðxÞ and WðxÞ. The total amount of parame-
ters is 23, while the number of equations [including (112)]
is 15.

Proposition A.4 (Dissipativity of heat exchanger, linear
case). Consider heat exchanger 2 as depicted in Figure 5
with state space linear model. The heat exchanger is
ðQ; S;RÞ-dissipative with:

Q ¼ q1 q3

q3 q2

� �
t0

S ¼ s1 s2

s3 s4

� �

R ¼ r1 r3

r3 r2

� � (123)

Proof: In the case of linear system, the conditions in
Theorem 1 is simplified into:

ðiÞ /ðxÞ � 0; /ð0Þ ¼ 0

ðiiÞ @/T

@x
Ax ¼ xTCTQCx� xTLTLx

ðiiiÞ 1

2
BT @/

@x
¼ ðQDþ SÞTCx�WTLx

ðivÞ Rþ DTSþ STDþ DTQD ¼ WTW

(124)

Condition-(i):
Let the storage function /ðxÞ : Rn ! Rþ be:

/ðxÞ ¼ xTPx

/ðxÞ ¼ ½ dT2 dT4 �
p1 p3

p3 p2

" #
dT2

dT4

" #
(125)

Also let:

L ¼
l1 l2

l3 l4

" #

WT ¼
w1 w2

w3 w4

" # (126)

where l1; l2; l3; l4;w1;w2;w3;w4 are parameters and:
Condition-(ii):

xTðATPþ PAÞx ¼ xTCTQCx� xTLTLx (127)

Equation 127 can be solved by evaluating:

ATPþ PA ¼ CTQC� LTL (128)

Condition-(iii):

BTPx ¼ ðQDþ SÞTCx�WTLx (129)

Similarly, (129) can be solved by evaluating:

BTP ¼ ðQDþ SÞTC�WTL (130)

Condition-(iv):
This condition can be easily satisfied from the following

equality:

Rþ DTSþ STDþ DTQD ¼ WTW (131)

We can now combine the set of matrix equalities (128),
(130) and (131) to determine the unknown parameters con-
tained in the matrices P, Q, S, R, L, and W. The total
amount of matrices is 6, whereas the number of equalities
is 3. n
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Heat exchanger 1
A ¼ 19:7 m2 U ¼ 600 W m�2 K�1

Process stream 1 (hot)
q ¼ 750 kg m�3 Cp ¼ 2840 J kg�1 K�1

Tin ¼ 368 K Tout ¼ 343 K
_m ¼ 6:25 kg s�1 V ¼ 0:245 m3

e ¼ 0:8 Tmix ¼ 348 K

Process stream 2 (cold)
q ¼ 1000 kg m�3 Cp ¼ 4200 J kg�1 K�1

Tin ¼ 298 K Tout ¼ 313 K
_m ¼ 5:63 kg s�1 V ¼ 0:0631 m3

(Q, S, R)-dissipativity

P ¼ 16:3 3:51
3:51 5:52

� �
Q ¼ �10000 0

0 �10000

� �

S ¼ �2083 �9000

0 13214

� �
R ¼ �56:7 31:7

31:7 23976

� �

Heat exchanger 2
A ¼ 22:2 m2 U ¼ 600 W m�2 K�1

Process stream 1 (hot)
q ¼ 750 kg m�3 Cp ¼ 2840 J kg�1 K�1

Tin ¼ 348 K Tout ¼ 333 K
_m ¼ 6:25 kg s�1 V ¼ 0:316 m3

Process stream 2 (cold)
q ¼ 1000 kg m�3 Cp ¼ 4200 J kg�1 K�1

Tin ¼ 298 K Tout ¼ 313 K
_m ¼ 4:23 kg s�1 V ¼ 0:0719 m3

(Q, S, R)-dissipativity

P ¼ 10:4 1:89
1:89 1:72

� �
Q ¼ �10000 0

0 �10000

� �

S ¼ 3:95� 103 3:16� 103

1:41� 103 5:65� 103

� �
R ¼ 0 0

0 0

� �

Heat exchanger 3
A ¼ 19:7 m2 U ¼ 600 W m�2 K�1

Process stream 1 (cold)
q ¼ 1000 kg m�3 Cp ¼ 4200 J kg�1 K�1

Tin ¼ 283 K Tout ¼ 302 K
_m ¼ 5:63 kg s�1 V ¼ 0:202 m3

e ¼ 0:8 Tmix ¼ 298 K
Process stream 2 (hot)
q ¼ 750 kg m�3 Cp ¼ 2840 J kg�1 K�1

Tin ¼ 333 K Tout ¼ 313 K
_m ¼ 6:25 kg s�1 V ¼ 0:0630 m3

(Q, S, R)-dissipativity

P ¼ 22:8 15:6
15:6 34:2

� �
Q ¼ �25000 0

0 �5000

� �

S ¼ 2641 �3447

0 5225

� �
R ¼ �5:88 0:661

0:661 1707

� �

Heat exchanger 4
A ¼ 53:3 m2 U ¼ 500 W m�2 K�1

Process stream 1 (hot)
q ¼ 750 kg m�3 Cp ¼ 2840 J kg�1 K�1

Tin ¼ 313 K Tout ¼ 298 K
_m ¼ 6:25 kg s�1 V ¼ 0:564 m3

Process stream 2 (cold)
q ¼ 1000 kg m�3 Cp ¼ 4200 J kg�1 K�1

Tin ¼ 278 K Tout ¼ 288 K
_m ¼ 6:34 kg s�1 V ¼ 0:171 m3

(Q, S, R)-dissipativity

P ¼ 34:0 11:0
11:0 10:8

� �
Q ¼ �10000 1

1 �10000

� �

S ¼ 7:23� 103 �1:03� 104

�13:9 1:03� 108

� �
R ¼ 555 1:25� 105

1:25� 105 �1:06� 1012

� �

Numerical values for case study

HEN operability study

Overall open-loop ðQop; Sop;RopÞ-dissipativity of HEN

Qop ¼

�10000 0 3950 1420 �9000 0 0 0

0 �10000 0 0 13200 0 0 0

3950 0 �8290 0 �3450 5230 0 0

1420 0 0 �10000 0 0 0 0

�9000 13200 �3450 0 �1020 0 0 0

0 0 5230 0 0 �4450 7230 �14

0 0 0 0 0 7230 �10000 1

0 0 0 0 0 �14 1 �10000

2
66666666664

3
77777777775

(132)

Sop ¼

�2:08� 103 0 0 0

0 0 0 0

0 0:661 0 3:16� 103

0 0 0 5:65� 103

31:7 2:64� 103 0 0

0 0 1:25� 105 0

0 0 �1:03� 104 0

0 0 1:03� 108 0

2
66666666664

3
77777777775

(133)

Rop ¼
�56:7 0 0 0

0 �5:88 0 0

0 0 �1:06� 1012 0

0 0 0 0

2
664

3
775 (134)

Overall closed-loop ðQcl; Scl;RclÞ-dissipativity of the HEN:

Qcl ¼
Q11

cl Q12
cl

Q21
cl Q22

cl

2
4

3
5;
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where

Q11
cl ¼

�6:44� 1012 0 3950 1420 �9000 0 0 0

0 �10000 0 0 13200 0 0 0

3950 0 �8290 0 �3450 5230 0 0

1420 0 0 �10000 0 0 0 0

�9000 13200 �3450 0 �1:41� 1013 0 0 0

0 0 5230 0 0 �4445 7230 �14

0 0 0 0 0 7230 �6:44� 1012 1

0 0 0 0 0 �14 1 �10000

2
66666666666664

3
77777777777775

Q12
cl ¼

�0:00440 0 0

0 0 0

0 0:661 0

0 0 0

31:7 373 0

0 0 1:25� 105

0 0 1:75� 107

0 0 1:03� 108

2
66666666666664

3
77777777777775

Q21
cl ¼ Q12T

cl

Q22
cl ¼

�56:7 0 0

0 �5:88 0

0 0 �1:06� 1012

2
64

3
75

(135)

STcl ¼ ½ 0 0 3:16� 103 5:65� 103 0 0 0 0 0 0 0 �
(136)

Rcl ¼ 0 (137)
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